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Measurement of Pure States of Light in the Orbital-Angular-Momentum Basis
Using Nine Multipixel Image Acquisitions
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The existing techniques for measuring high-dimensional pure states of light in the orbital angular
momentum (OAM) basis either involve a large number of single-pixel data acquisitions and substan-
tial postselection errors that increase with dimensionality, involve substantial loss, or require interference
with a reference beam of known phase. Here, we propose an interferometric technique that can measure an
unknown pure state using only nine multipixel image acquisitions without involving postselection, loss,
or a separate reference beam. The technique essentially measures two complex correlation functions of
the input field and then employs a recursive postprocessing algorithm to infer the state. We experimentally
demonstrate the technique for pure states up to dimensionality of 25, reporting a mean fidelity greater
than 90% up to 11 dimensions. Our technique can significantly improve the performance of OAM-based
information processing applications.
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I. INTRODUCTION

The orbital angular momentum (OAM) degree of free-
dom of light provides a discrete and unbounded basis for
realizing high-dimensional classical and quantum states
[1,2]. In comparison to two-dimensional polarization states
of light, high-dimensional states realized in the OAM basis
can provide distinct advantages, such as improved security
and transmission bandwidth in quantum communication
protocols [3,4], enhanced system capacities and spectral
efficiencies in classical communication protocols [5,6],
efficient gate implementations in computing schemes [7,8],
enhanced sensitivity in metrology applications [9,10], and
improved noise tolerance for fundamental tests of quantum
theory [11,12].

In order to exploit such advantages of high-dimensional
states, it is essential to develop robust and efficient tech-
niques for measuring states of light in the OAM basis.
In particular, the measurement of pure states of light has
attracted significant interest [13–19]. The standard tomo-
graphic techniques based on mutually unbiased bases and
symmetric informationally complete, positive operator-
valued measures have been experimentally limited by an
increasing number of data acquisitions and postprocess-
ing times as the dimensionality of the input state increases
[13,14]. Furthermore, as these techniques rely on phase

*girishvnit@gmail.com
†akjha9@gmail.com
‡Present address: Department of Physics, University of

Ottawa, Ottawa, Ontario K1N 6N5, Canada.

flattening using computer-generated holograms followed
by fiber-based detections, there are substantial postselec-
tion errors introduced due to the nonuniform fiber-coupling
efficiencies experienced by different basis states [20].
Another technique employs direct measurement, wherein
the input state is inferred through sequential weak and
strong measurements in the OAM and angle bases, respec-
tively [15]. While this technique has been demonstrated
to be capable of measuring a 27-dimensional state without
much postprocessing, its implementation involves custom-
made refractive elements and multiple spatial light mod-
ulators, making it cumbersome and lossy. Other existing
techniques based on the rotational Doppler effect [16]
and phase interferometry [17–19] have the drawback of
requiring interference with a separate reference beam of
known transverse phase. Thus, at present, there is a need
to develop an efficient technique that can measure an
unknown pure state without much loss and without requir-
ing a separate reference beam of known transverse phase
that is mutually coherent with the input field.

Recently, in the context of measuring light beams that
are incoherent mixtures of various OAM basis states, a
Mach-Zehnder interferometer with an odd and even num-
ber of mirrors has been demonstrated to be capable of mea-
suring the OAM spectrum of the input field in a single-shot
manner [21]. The key feature of this interferometer is that
it encodes the angular coherence function of the input field
in the output interferogram. As a result, the OAM spec-
trum can be inferred by directly reading out the angular
coherence function from an image of the output interfer-
ogram and performing an inverse Fourier transform. In
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this paper, we adapt this interferometer to realize a tech-
nique for measuring pure OAM states or perfectly coherent
superpositions of different OAM basis states using nine
intensity image acquisitions. Specifically, the technique
uses one image of the bare input field to compute the
transverse magnitude profile, and eight images of suit-
ably chosen output interferograms that through a recursive
postprocessing algorithm yield the transverse phase pro-
file of the field. The input state can then be inferred from
the angular coherence function of this complex field. In
comparison to tomographic techniques which have relied
on sequential single-pixel acquisitions [14], our technique
is practically more efficient as the multipixel acquisitions
effectively parallelize the information retrieval. Also, in
comparison to direct measurement [15], our technique
does not involve any diffractive elements and therefore has
negligible loss. Moreover, our technique involves no post-
selection and does not require a separate reference beam.
Here, we experimentally demonstrate the technique using
laboratory-generated pure states up to a dimensionality of
25, reporting a mean fidelity greater than 90% up to 11
dimensions.

II. THEORY

We recall that the OAM basis states are the Laguerre-
Gauss (LG) modes, represented as LGl

p(ρ,φ) = f l
p (ρ)e

ilφ

in the transverse polar coordinates [1]. The azimuthal
index l quantifies the OAM per photon in units of �, and the
radial index p denotes the number of additional rings in the
transverse profile of the mode. We consider a light beam
that is a perfectly coherent superposition of LG modes with
OAM indices ranging from l = −N to +N , but with the

same radial index p . While in principle p can be any non-
negative integer, for simplicity, we assume that p = 0. The
input electric field Ein(ρ,φ) at the waist plane of such a
beam is written as

Ein(ρ,φ) =
+N∑

l=−N

αl f l
p=0(ρ)e

ilφ , (1)

where the αl are complex coefficients that satisfy∑+N
l=−N |αl|2 = 1. For such a field, the correlation function

W(ρ,φ1; ρ,φ2) ≡ 〈Ein(ρ,φ1)E∗
in(ρ,φ2)〉, where 〈·〉 denotes

an ensemble average, takes the factorized form [22]

W(ρ,φ1; ρ,φ2) = Ein(ρ,φ1)E∗
in(ρ,φ2). (2)

We emphasize that the above factorized form is valid only
for perfectly coherent fields or pure states of light.

We now consider the setup shown in Fig. 1(a), where
a beam of the kind described above is prepared using
a spatial light modulator (SLM), and is incident into an
interferometer. As depicted in Fig. 1(b), the azimuthal
coordinate φ of the LG modes is defined at the SLM with
φ = 0 to be along the x axis, and increases in the clock-
wise sense when looking into the beam propagation axis
or z axis. The rotation angle θ1(2) of Dove prism DP1(2)
in arm 1(2) is defined such that θ1(2) = 0 when its base
is parallel to the x-z plane, and positive rotation is in the
clockwise sense when looking into the z axis. As respec-
tively depicted in Figs. 1(b) and 1(c), each mirror can then
be seen to transformφ → −φ + π and each Dove prism
can be seen to transform φ → −φ + 2θ1(2). The output
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FIG. 1. Description of the experimental setup and technique: (a) A pure state of light described by Eq. (1) is generated using a
spatial light modulator, and is incident into a Mach-Zehnder interferometer. (b) A mirror reflects a beam about the y axis, transforming
φ → −φ + π . (c) A Dove prism (DP) rotated by an angle θ reflects the beam about an axis rotated from the x axis by an angle
2θ , effectively transforming φ → −φ + 2θ . (d) Schematically depicting how the complex input field Ein(ρ,φ) is recursively inferred
using Eq. (7) with an increasing number of iterations from top to bottom. When χ is an irrational multiple of π , the recursive process
eventually yields Ein(ρ,φ) at a dense set of angles that uniformly cover the whole range of 0 to 2π , thereby allowing us to infer the
input state. Here SF is the spatial filter, Q1 are Q2 are quarter-wave plates, and H is the half-wave plate.
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electric field Eout(ρ,φ) at the camera is given by

Eout(ρ,φ) =
√

k1Ein(ρ,φ + π − 2θ1)ei(ω0t1+β1)

+
√

k2Ein(ρ, −φ + 2θ2)ei(ω0t2+β2+γ̃ ), (3)

where ω0 is the frequency, k1 and k2 are scaling fac-
tors involving beam-splitter ratios, t1(2) and β1(2) cor-
respond to the travel time and nondynamical phase,
respectively, in arm 1(2), and γ̃ is a stochastic phase
which incorporates the loss of temporal coherence. We
assume that the arm lengths are much smaller than the
Rayleigh range, and consequently the variation of the
field’s transverse profile due to spatial propagation can be
ignored. We fix θ1 = π/2, and keep it constant through-
out the experiment. The output intensity Iout(ρ,φ; θ2, δ) ≡
Inoise(ρ,φ; θ2)+ 〈Eout(ρ,φ)E∗

out(ρ,φ)〉 can then be written
as

Iout(ρ,φ; θ2, δ) = Inoise(ρ,φ; θ2)+ k1W(ρ,φ; ρ,φ)

+ k2W(ρ, −φ + 2θ2; ρ, −φ + 2θ2)

+ γ
√

k1k2W(ρ,φ; ρ, −φ + 2θ2)eiδ + c.c.
(4)

Here, δ is the total phase difference between the two
arms given by δ ≡ [ω0(t1 − t2)+ β1 − β2 + arg(〈e−iγ̃ 〉)]
modulo 2π , and γ = |〈e−iγ̃ 〉| is the degree of temporal
coherence. The term Inoise(ρ,φ; θ2) contains noise due to
ambient light and intensity aberrations from Dove prisms.
As θ1 remains fixed, this noise term depends only on θ2.

We set θ2 = 0, and record four output intensity shots
corresponding to δ = 0,π/2,π , and 3π/2 to obtain

Re [W(ρ,φ; ρ, −φ)]

= 1
4γ

√
k1k2

{Iout(ρ,φ; 0, 0)− Iout(ρ,φ; 0,π)} , (5a)

Im [W(ρ,φ; ρ, −φ)]

= 1
4γ

√
k1k2

{
Iout

(
ρ,φ; 0,

3π
2

)
− Iout

(
ρ,φ; 0,

π

2

)}
.

(5b)

Next, we set θ2 = χ/2, where χ is a judiciously chosen
value, and record four output intensity shots corresponding
to δ = 0,π/2,π , and 3π/2 to obtain

Re [W(ρ,φ; ρ, −φ + χ)]

= 1
4γ

√
k1k2

{
Iout

(
ρ,φ;

χ

2
, 0

)
− Iout

(
ρ,φ;

χ

2
,π

)}
,

(6a)

Im [W(ρ,φ; ρ, −φ + χ)]

= 1
4γ

√
k1k2

{
Iout

(
ρ,φ;

χ

2
,

3π
2

)
− Iout

(
ρ,φ;

χ

2
,
π

2

)}
.

(6b)

As the noise term Inoise(ρ,φ; θ2) does not explicitly depend
on δ, it is canceled out from Eqs. (5) and (6). Moreover, a
precise characterization of the parameters γ , k1, and k2 is
not required as they appear only as overall scaling factors.
Thus, the eight shots allow us to infer the complex correla-
tion functions W(ρ,φ; ρ, −φ) and W(ρ,φ; ρ, −φ + χ) in a
noise-insensitive manner.

We now show that the correlation functions W(ρ,φ; ρ,
−φ) and W(ρ,φ; ρ, −φ + χ) are in principle sufficient to
completely infer the input field Ein(ρ,φ) in a recursive
manner. We note that upon dividing the two correlation
functions and using Eq. (2), we obtain

Ein(ρ, −φ + χ) = W∗(ρ,φ; ρ, −φ + χ)

W∗(ρ,φ; ρ, −φ) Ein(ρ, −φ). (7)

We begin the recursive process starting from Ein(ρ,φ =
0), which can be computed from W(ρ,φ; ρ, −φ) as
Ein(ρ,φ = 0) = √

W(ρ,φ = 0; ρ, −φ = 0). As the global
phase of the field is arbitrary, we can assume without
loss of generality that the field at φ = 0 is real, i.e.,
arg[Ein(ρ,φ = 0)] = 0. Writing Eq. (7) for φ = 0, we can
obtain Ein(ρ,φ = χ) from Ein(ρ,φ = 0). Then, writing
Eq. (7) for φ = −χ , we can obtain Ein(ρ,φ = 2χ), and
so on. Now if χ is not a rational multiple of π then,
as shown in Fig. 1(d), the iterations wrap around with-
out falling back on a previously sampled angular location.
After a large number of iterations, the set of angular loca-
tions φ = {0,χ , 2χ , . . .} modulo 2π uniformly covers the
whole range from 0 to 2π . In this way, the complex elec-
tric field Ein(ρ,φ) can in principle be completely inferred,
and by inverting Eq. (1) the complex coefficients αl of the
pure state can be computed. Thus, the input pure state can
in principle be measured using only eight multipixel inten-
sity acquisitions irrespective of the dimensionality of the
input state.

In practice, however, the above process leads to highly
noisy measurements of input states. This is primarily
because the division in Eq. (7) diverges when the denomi-
nator W∗(ρ,φ; ρ, −φ) takes small values, leading to ampli-
fication of small errors through the subsequent recursive
iterations. However, this problem can be circumvented
in the following manner. We use the phase argument of
Eq. (7), given by

arg [Ein(ρ, −φ + χ)] = arg
[
W∗(ρ,φ; ρ, −φ + χ)

]

− arg
[
W∗(ρ,φ; ρ, −φ)]

+ arg [Ein(ρ, −φ)] , (8)
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to recursively infer only the phase arg[Ein(ρ,φ)] of the
input field. In contrast with Eq. (7) that involves divi-
sion and multiplication in each iteration, the above recur-
sive relation (8) only involves subtraction and addition.
As a result, small errors do not get amplified through
the recursive process, and the phase arg[Ein(ρ,φ)] is
obtained in a noise-insensitive manner. The magnitude
|Ein(ρ,φ)| can be separately inferred by acquiring an
intensity acquisition Iin(ρ,φ) of the input field, and com-
puting |Ein(ρ,φ)| = √

Iin(ρ,φ). Thus, the measurement
procedure now involves nine multipixel intensity acqui-
sitions—eight shots corresponding to eight interferograms
that recursively yield the phase profile arg[Ein(ρ,φ)], and a
ninth shot of the bare input field that yields the magnitude
profile |Ein(ρ,φ)|. In this way, the complex input field is
completely determined.

The final step is to compute the complex coefficients
of the input state from the complex field. This can in
principle be done by simply inverting Eq. (1) to get
αl = ∫∫

Ein(ρ,φ)f l
p=0(ρ)e

−ilφ ρ dρ dφ. However, we have
numerically observed that this direct overlap integral is
more sensitive to noise due to pixelation in Ein(ρ,φ) and
errors in the beam waist of the f l

p=0(ρ) function. Therefore,
we first compute the angular coherence function W̄(φ1,φ2)

of the field as [21,23]

W̄(φ1,φ2) =
∫ ∞

0
Ein(ρ,φ1)E∗

in(ρ,φ2) ρ dρ, (9)

and then use Eqs. (1) and (2) to compute the elements of
the OAM cross-correlation matrix as

αl1α
∗
l2 =

∫ 2π
0

∫ 2π
0 W̄(φ1,φ2) e−i(l1φ1−l2φ2)dφ1dφ2

∫ ∞
0 f l1

p=0(ρ)f
∗l2

p=0(ρ) ρ dρ
. (10)

The coefficients αl are the elements of the normalized prin-
cipal eigenvector of the above matrix. In comparison to the
direct overlap integral method, we find that the radial inte-
grations in Eqs. (9) and (10) reduce the pixelation-related
and beam waist-related noise.

III. EXPERIMENTAL RESULTS

As shown in Fig. 1(a), a 5 mW horizontally polarized
He—Ne laser beam is spatially filtered and made incident
on a Holoeye Pluto spatial light modulator. A hologram
of 1000 × 1000 pixels is prepared using the method of
Arrizon et al. [24] to produce a pure state field described
by Eq. (1), which is then made incident into the Mach-
Zehnder interferometer. The quarter-wave plates Q1 and
Q2 are oriented at 45◦ with respect to the horizontal direc-
tion. When the half-wave plate H is rotated clockwise
by a certain angle, a geometric phase shift of twice that
angle is introduced between the two arms [25]. A box
is used to cover the interferometer to reduce ambient air

movements, and thereby stabilize the relative phase to
within a few degrees for about 1 min. The conditions of
δ ≈ 0,π/2,π , 3π/2 can be identified by displaying a holo-
gram corresponding to a Gaussian beam and measuring
the total output intensity while manually rotating the half-
wave plate using a long probe without opening the box.
When the desired condition of δ is realized, the hologram
is switched to the input state within 1 s and the correspond-
ing interferogram is acquired using an Andor EMCCD
camera.

First, we acquire the intensity profile Iin(ρ,φ) of the
bare input field. Next, for θ2 = 0, we record the out-
put interferograms Iout(ρ,φ; θ2 = 0, δ) for δ = 0,π/2,π ,
and 3π/2. Subsequently, we set θ2 = χ/2 = 14.5◦ and
record the output interferograms Iout(ρ,φ; θ2 = χ/2, δ) for
δ = 0,π/2,π , and 3π/2. The Dove prism rotation mounts
had a least count of 0.5◦. We choose χ/2 = 14.5 because
χ = 29 is coprime with 360 ensuring that nχ , where n =
1, 2, 3, . . . , 360, uniformly sample the entire angular space
from 0◦ to 360◦ with a sampling width of 1◦. We have
ignored the small change in the polarization vector of the
field induced by the Dove prism rotation [26,27]. The out-
put 512 × 512 image arrays in Cartesian coordinates x and
y from the camera were cleaned using a low-pass compu-
tational Fourier filter, and converted to 200 × 360 arrays
in polar coordinates ρ and φ using the polarTransform
module in PYTHON. As the input state is Hermitian, in
principle W(ρ,φ1; ρ,φ2) = W∗(ρ,φ2; ρ,φ1). In practice,
the experimentally measured functions W(ρ,φ; ρ, −φ) and
W(ρ,φ; ρ, −φ + χ)may be non-Hermitian due to the pres-
ence of noise and experimental errors in δ for the various
acquisitions. The effect of such errors can be reduced by
retaining only the Hermitian parts of W(ρ,φ; ρ, −φ) and
W(ρ,φ; ρ, −φ + χ) for the recursive procedure. Also, for
evaluating the matrix elements in Eq. (10), the beam waist
parameter for the LG modes can be chosen approximately
such that the mode with the largest OAM index l = N
fits the radial extent of the input beam. We have verified
that the measurement procedure is robust to minor varia-
tions in the beam waist choice. We also note that the arms
of our interferometer, each about 0.3 m long, are much
smaller than the Rayleigh range of our input beam, which
is about 30 m. As a result, the Gouy phases acquired by
the constituent OAM modes are negligibly small and can
be ignored [28].

In Fig. 2(a), we depict the theoretical and experimental
intensity profiles corresponding to these nine acquisitions
for an 11-dimensional input state whose coefficients αl
have uniform magnitudes |αl| = 1/

√
11 and phases arg[αl]

randomly chosen in the interval [−π ,π ]. While our tech-
nique can be used for measuring an arbitrary pure state,
we have deliberately chosen to present our results for a
pure state whose coefficients have uniform magnitudes
for two reasons: to ensure that the state does not have a
highly skewed support in the available dimensions; and
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FIG. 2. Experimental measurement of an 11-dimensional state |ψin〉 = ∑+5
l=−5 αl|l〉. (a) Experimental and theoretical images of

the input intensity and output interferograms at δ = 0,π/2,π , 3π/2 for θ2 = 0 and θ2 = χ/2. (b) Bar plots depicting the measured
magnitude and phase of the coefficients αl of the input state. As the global phase is arbitrary, we have chosen it such that arg[α0] = 0
for the input and measured states. The fidelity of our measurement is F = |〈ψin|ψmeas〉|2 = 96.78%.

to make it easier to visually compare the match between
the input and measured coefficients. Following the pro-
cedure described in Sec. II, we compute the measured
coefficients and depict their magnitudes and phases in
Fig. 2(b). We find an excellent match between the input
and measured coefficients. As the global phases of the
input and measured states are arbitrary, we have cho-
sen them such that arg[α0] = 0. If we denote the input
state as |ψin〉 = ∑+N

l=−N αl|l〉 and the measured state as
|ψmeas〉 = ∑+N

l=−N ᾱl|l〉, we can compute the fidelity F
as defined in Ref. [29] to obtain F = |〈ψin|ψmeas〉|2 =
| ∑N

l=−N α
∗
l ᾱl|2 = 96.78%.

In order to quantify the scaling of the fidelity with
respect to dimensionality in our setup, we perform exper-
iments for several input states described by Eq. (1) with
increasing dimensionality (2N + 1), where the coefficients
αl are chosen to have uniform magnitudes and random
phases. While the technique is in principle capable of mea-
suring pure states of arbitrarily high dimensionalities, as
depicted in Fig. 3, we experimentally find a gradual reduc-
tion in the mean fidelity with increasing dimensionality.
Moreover, the variation in the fidelity is higher for input
states of higher dimensionalities. We attribute this behav-
ior mainly to errors in the input state generation from the
SLM, errors in the Dove prism rotation angle and geomet-
ric phase shifts using waveplates, and the finite pixelation

of the camera sensor. As may be noted from Fig. 3, our
setup is able to measure states with mean fidelity greater
than 90% up to a dimensionality of 11. We expect that,
with better experimental controls, the technique can be
scaled up to measure states of larger dimensionalities with
higher fidelities.
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FIG. 3. Bar graph depicting how the experimentally measured
fidelity varies with respect to dimensionality (2N + 1) of input
states |ψin〉 = ∑+N

l=−N αl|l〉, whose complex coefficients αl have
uniform magnitudes and random phases.
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IV. CONCLUSIONS

In summary, we propose and experimentally demon-
strate an efficient technique for measuring pure states of
light in the OAM basis. In comparison to previous tomo-
graphic techniques that rely on a large number of sequen-
tial single-pixel acquisitions [14], our technique involves
acquiring only nine images using a multipixel camera and
postprocessing them with a recursive algorithm to infer
the input state. Moreover, in contrast with the direct mea-
surement technique [15], our technique does not involve
diffractive elements and therefore has negligible loss. Fur-
thermore, our technique does not involve postselection,
does not require a separate mutually coherent reference
beam, and is robust to ambient intensity noise and errors in
the characterization of setup parameters. However, a draw-
back of our technique is that, for measuring single-photon
fields, it is essential to stabilize the interferometer for long
acquisition times, which can be challenging.

In future, we expect this technique to lead to improve-
ments in the system capacities and transmission band-
widths of communication protocols exploiting OAM states
of light by practically enabling measurement of states with
higher dimensionalities. We also expect that this technique
can be suitably adapted to measure pure states of light in
other spatial bases, such as Hermite-Gauss and Ince-Gauss
bases. Finally, this work may also eventually lead to inno-
vative techniques for measuring arbitrary mixed states of
light.
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